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1. Introduction
One of the objects of the variational theory is to ﬁnd the extremals of a given variational problem. It is well known that
the main tool for this is the Euler–Lagrange equations. In generally, for variational problems given by Lagrangians of order r,
the order of the corresponding Euler–Lagrange equations is 2r. In the case when an underlying manifold has the structure
of a principal ﬁbre bundle, with the structure group G , and the variational problem is deﬁned by G-invariant Lagrangians,
the original system of the Euler–Lagrange equations can be reduced.
Originally, the idea of a reduction of the Euler–Lagrange equations comes from mechanics, where G-invariant Lagrangian
deﬁned on the tangent bundle of a Lie group G is considered. The equations of new kind for reduced Lagrangian are the
Euler–Poincaré equations. Such mechanism is called the Euler–Poincaré reduction, and its extension to ﬁeld theory was done
in [3–5]. In this case, we have a Lagrangian deﬁned on the ﬁrst jet prolongation J1P of a principal ﬁbre bundle P , invariant
under the natural action induced by the structure group G on J1P . The domain of deﬁnition of the reduced variational
problem, in the sense of Euler–Poincaré reduction, is then the bundle of connections C(P ), which can be identiﬁed with
( J1P )/G . It was shown that locally there is the equivalence between the solutions of the Euler–Lagrange equations for G-
invariant Lagrangian on one side, and solutions of the Euler–Poincaré equations for reduced Lagrangian plus the condition
of vanishing curvature on other side.
In this paper, we consider the frame bundle FX over an n-dimensional manifold X and the same type of invariant vari-
ational problems deﬁned on J1FX. Section 2 is devoted to the basic notions from the variational theory on frame bundles.
Let C1X denote the bundle of linear connections of FX. Because of the identiﬁcation C1X = J1FX/Gln(R), the bundle C1X can
be considered as the domain of deﬁnition of Gln(R)-invariant objects on J1FX. Section 3 deals with the relation between
the sections of J1FX and C1X . One-to-one correspondence between equivariant sections of J1FX over FX and sections of
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linear connections. On the other hand, for a given connection Γ there exists local associated frame ﬁeld if and only if Γ
is ﬂat which gives additional condition for Γ . This condition can be viewed as the constraint on C1X . For a variational
problem given by ﬁrst order invariant Lagrangian, we also give an explicit expressions of reduced, ﬁrst order equations
for connections. If we have a solution of reduced equations with zero curvature, we are able to reconstruct the associated
extremal frame ﬁeld because the compatibility conditions correspond with the conditions of complete integrability of the
system of ﬁrst order equations for reconstruction. This procedure can be analogously generalized for higher order cases;
Gln(R)-invariant variational problem on J r+1FX can be alternatively studied as reduced problem on J rC1X . Again, neces-
sity of additional compatibility conditions for connections, in the form of zero curvature, occurs. In Section 4, we give an
example of reduced equations of a variational problem given by ﬁrst order invariant Lagrangian on R3.
2. Variational theory on frame bundles
In this section we recall basic notions from the variational theory on frame bundles. For more detailed exposition the
reader can also consult [1,2,8,10,12].
Let μ : FX → X be the frame bundle over oriented n-dimensional manifold X . FX has the structure of a principal ﬁber
bundle with the structure group Gln(R), dimension of a ﬁbre is n2. A frame at a point x ∈ X is a pair Ξ = (x, ζ ), where
ζ = (ζ1, ζ2, . . . , ζn) is an ordered basis of the tangent space Tx X . J rFX is an r-jet prolongation of FX. The r-jet of a section
γ of FX, also called frame ﬁeld, at a point x ∈ X , is denoted by J rxγ , and the assigning x → J rγ (x) = J rxγ is the r-jet
prolongation of γ . If J rxγ ∈ J rFX, the canonical jet projections μr,0 : J rFX → FX (the target projection), μr : J rFX → X (the
source projection), are deﬁned by μr,0( J rxγ ) = γ (x), and μr( J rxγ ) = x, respectively.
For every chart (U ,ϕ), ϕ = (xi), on X , the associated chart (V ,ψ), ψ = (xi, xij), on FX, is deﬁned by V = μ−1(U ), and
xi(Ξ) = xi(μ(Ξ)), ζ j = xij(Ξ)
(
∂
∂xi
)
x
,
where Ξ ∈ V . We denote by y jk the inverse matrix of xij . With a chart (U ,ϕ) we also associate a chart (V r,ψr) on J rFX,
where V r = (μr)−1(U ), and ψr = (xi, xij, xij,k1 , xij,k1k2 , . . . , xij,k1k2...kr ). For the functions on V r , we deﬁne the formal derivative
operator (with respect to the ﬁbred chart (U ,ϕ)) by
dp = ∂
∂xp
+ xij,p
∂
∂xij
+ xij,k1p
∂
∂xij,k1
+ · · · + xij,k1k2...kr p
∂
∂xij,k1k2...kr
.
A Lagrangian (of order r) on FX is any μr-horizontal n-form on some Wr ⊂ J rFX. If, in a chart (U ,ϕ), ϕ = (xi), we denote
ω0 = dx1 ∧ dx2 ∧ · · · ∧ dxn , then a Lagrangian, deﬁned on V r = (μr)−1(U ), has in this chart an expression
λ = Lω0,
where L : V r →R is a function (the Lagrange function associated with λ and (U ,ϕ)).
The Euler–Lagrange form Eλ , associated with a Lagrangian λ of order r, is μ2r,0-horizontal (n + 1)-form, in ﬁbred chart
deﬁned by
Eλ = E ji (L)dxij ∧ ω0,
where
E ji (L) =
r∑
s=0
(−1)sdk1dk2 · · ·dks
∂L
∂xij,k1k2...ks
are the Euler–Lagrange expressions associated with λ.
Let Ω be a piece of X (a compact, n-dimensional submanifold of X with boundary ∂Ω), let ΓΩ,W (μ) be the set of
smooth sections γ over Ω such that γ (Ω) ⊂ W . If we have a Lagrangian λ of order r deﬁned on Wr , the variational
function associated with λ over Ω , is the mapping ΓΩ,W (μ)  γ → λΩ(γ ) ∈R, deﬁned by
λΩ(γ ) =
∫
Ω
J rγ ∗λ.
Let ξ be a μ-projectable vector ﬁeld on Y , and let ∂ J rξ λ denote the Lie derivative of λ by r-jet prolongation J rξ of ξ . The
number
(∂ J rξ λ)Ω(γ ) =
∫
J rγ ∗∂ J rξ λ,
Ω
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an extremal of λ, if (∂ J rξ λ)Ω(γ ) = 0 for every piece Ω and for all ξ with support contained in μ−1(Ω). A section γ is an
extremal of a Lagrangian λ of order r, if and only if, for every ﬁbred chart on FX, γ satisﬁes the system of partial differential
equations
E ji (L) ◦ J2rγ = 0.
The right action (Ξ, A) → Ξ · A ≡ RA(Ξ) of Gln(R) on FX is expressed, in a chart (U ,ϕ), ϕ = (xi), on X , by the equations
x¯i = xi ◦ RA = xi, x¯ij = xij ◦ RA = xikakj,
where akj are the canonical coordinates on Gln(R). This action can be canonically prolonged to the action of Gln(R) on J
rFX.
If A ∈ Gln(R), J rxγ ∈ J rFX, we deﬁne(
J rxγ , A
) → J rxγ · A ≡ J r R A( J rxγ )= J rx(RA ◦ γ ).
In the associated charts on FX and J rFX,
x¯i = xi ◦ J r R A = xi, x¯ij,k1k2...km = xij,k1k2...km ◦ J r R A = xil,k1k2...kmalj,
where 0m r.
A form η on J rFX is invariant with respect to the action of Gln(R) (or, Gln(R)-invariant), if(
J r R A
)∗
η = η
holds for all A ∈ Gln(R). In particular, a function f on J rFX is Gln(R)-invariant if ( J r R A)∗ f = f ◦ J r R A = f for all A ∈ Gln(R).
The functions
Γ ik1k2...kmp = −ylpxil,k1k2...km (1)
deﬁned for 1m r, are examples of Gln(R)-invariant functions on J rFX. Note that the functions Γ ik1k2...kmp are symmetric
in k1,k2, . . . ,km .
Setting Ψ r = (xi, xip,Γ ik1p,Γ ik1k2p, . . . ,Γ ik1k2...kr p), we obtain a chart (V r,Ψ r) on J rFX, which is said to be Gln(R)-adapted.
For r  1, let us denote
Cr X = J rFX/Gln(R).
The quotient projection μ(r) : J rFX → Cr X is in Gln(R)-adapted coordinates expressed as
μ(r) : (xi, xij,Γ ik1 j,Γ ik1k2 j, . . . ,Γ ik1k2...kr j
)→ (xi,Γ ik1 j,Γ ik1k2 j, . . . ,Γ ik1k2...kr j
)
.
Let {V rα,Ψ rα}α∈A be a covering of J rFX by Gln(R)-adapted charts. For each α ∈ A, we set Wrα = μ(r)(V rα), and deﬁne the
system of coordinate functions χ rα by χ
r
α ◦ μ(r) = Ψ rα . Then {Wrα,χ rα}α∈A is a covering of Cr X consisting of the ﬁbred
charts and Cr X is the ﬁbred manifold over X with projection κr : Cr X → X , in the corresponding coordinates deﬁned by
κr : (xi,Γ ik1 j,Γ ik1k2 j, . . . , Γ ik1k2...kr j) → (xi).
Lemma 1. J rFX has the structure of a right principal Gln(R)-bundle over Cr X such that the diagram
JrFX
μr,0
μ(r)
Cr X
κr
FX
μ
X
commutes.
For r = 1, the space C1X = J1FX/Gln(R) can be identiﬁed with the bundle of linear connections (García [7], Krupka [11]).
In the case r > 1, the space Cr X is said to be the bundle of an r-th order connections (Kolárˇ [9]).
Lemma 2.
(a) A function on J rFX is Gln(R)-invariant if and only if it depends, locally, on the coordinates (xi,Γ ik1p,Γ
i
k1k2p
, . . . ,Γ ik1k2...kr p
) on
Cr X only.
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η = 0 + yq1s1 dxp1q1 ∧ s1p1 + yq1s1 yq2s2 dxp1q1 ∧ dxp2q2 ∧ s1s2p1p2
+ · · · + yq1s1 yq2s2 · · · yqksk dxp1q1 ∧ dxp2q2 ∧ · · · ∧ dxpkqk ∧ s1s2...skp1p2...pk ,
where 0,
s1
p1 ,
s1s2
p1p2 , . . . ,
s1s2...sk
p1p2...pk are arbitrary forms deﬁned on C
r X.
(c) Let f be a Gln(R)-invariant function on J rFX. p-th formal derivative dp f is again a Gln(R)-invariant function on J r+1FX, and in
the corresponding adapted chart, it can be expressed as
dp f = ∂ f
∂xp
+
r∑
s=1
∑
k1k2···ks
∂ f
∂Γ ik1k2...ks j
(
Γ ik1k2...ks pj + Γ ik1k2...ksqΓ
q
pj
)
. (2)
Remark 1. The operator dp introduced in (2), restricted to invariant functions on J rFX, corresponds with operator of the
formal derivative of any function on Cr X .
According to (2), the functions (1) can be rewritten in some other form. Due to the symmetry of Γ iklj in the indices k, l,
we have
Γ iklj = dlΓ ikj − Γ iksΓ slj = dkΓ il j − Γ ilsΓ skj,
where the functions Γ ikj and their formal derivatives dlΓ
i
kj satisfy compatibility condition
dlΓ
i
kj − dkΓ il j + Γ ilsΓ skj − Γ iksΓ slj = 0. (3)
Analogous compatibility conditions come from the symmetry properties of the functions Γ ik1k2...kmp for m 3.
Let λ be a Lagrangian on J rFX. Recall that the coordinate expression of λ in any Gln(R)-adapted chart is λ = Lω0, where
L : V r →R is the associated Lagrange function.
Lemma 3. The Euler–Lagrange form Eλ , associated with Gln(R)-invariant Lagrangian λ on J rFX, is Gln(R)-invariant.
Corollary 1.
(a) A Lagrangian λ on J rFX is Gln(R)-invariant if and only if in any Gln(R)-adapted chart, the associated Lagrange function L is
Gln(R)-invariant.
(b) Coordinate expression of the Euler–Lagrange form Eλ , associated with Gln(R)-invariant Lagrangian λ on J rFX, is
Eλ = F li(L)y jl dxij ∧ ω0,
where F li(L) are Gln(R)-invariant functions.
3. Invariant variational problems
The structure of the ﬁbred manifold J1FX, as described in Lemma 1, gives us the correspondence between sections of
the bundle C1X and sections of J1FX (see [14]).
Lemma 4. Equations
μ1,0 ◦ w = idμ−1(U ), μ(1) ◦ w = Γ ◦ μ (4)
deﬁne a bijective correspondence between the linear connections Γ , deﬁned on open sets U ⊂ X, and Gln(R)-equivariant sections w
of J1FX, deﬁned on open, μ-saturated sets V = μ−1(U ) ⊂ FX.
If w : V → J1FX is Gln(R)-equivariant section, then the connection Γ , deﬁned by (4), is said to be associated with w .
Diagram
J1FX
μ(1)
C1X
V
w
μ
U
δ
γ

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Γ = μ(1) ◦ δ is a section of C1X over the same domain of deﬁnition. Conversely, given Γ , one can construct, for every chart
(U ,ϕ), ϕ = (xi), on X , a section δ : U → J1FX. We choose any frame ﬁeld γ : U → FX, and then deﬁne δ : U → J1FX by
setting xij ◦ δ = xij ◦ γ , xij,k ◦ δ = −(xlj ◦ γ ) · Γ ikl . If
Γ = μ(1) ◦ δ
over an open set U , we say that δ generates Γ on U .
Consider the restriction of the correspondence δ → μ(1) ◦ δ to holonomic sections, i.e., to sections δ of the form δ = J1γ ,
where γ is a section of FX. If
Γ = μ(1) ◦ J1γ
for some frame ﬁeld γ , we say that γ generates Γ on U . If every point of X has a neighborhood U such that Γ = μ(1) ◦ J1γ
for some frame ﬁeld γ , we say that Γ is locally generated by frame ﬁelds.
Let Γ = (Γ ikj) be a linear connection on X . Denote by
Rilkj =
∂Γ ikj
∂xl
− ∂Γ
i
l j
∂xk
+ Γ ilsΓ skj − Γ iksΓ slj (5)
the components of the curvature tensor of Γ in a chart (U ,ϕ), ϕ = (xi), on X .
Lemma 5. The following conditions are equivalent.
(a) Γ is locally generated by frame ﬁelds.
(b) Γ is ﬂat.
Proof. (a) ⇒ (b) Assume that the ﬁrst condition holds. Then there exists a system of functions xij : U →R such that
∂xij
∂xk
= −xljΓ ikl. (6)
This system satisﬁes
−∂x
s
j
∂xl
Γ iks − xsj
∂Γ iks
∂xl
= ∂
∂xl
(−xsjΓ iks)=
∂2xij
∂xl∂xk
= ∂
2xij
∂xk∂xl
= ∂
∂xk
(−xsjΓ ils)= −
∂xsj
∂xk
Γ ils − xsj
∂Γ ils
∂xk
,
i.e.,
−xtjΓ sltΓ iks + xsj
∂Γ iks
∂xl
+ xtjΓ sktΓ ils − xsj
∂Γ ils
∂xk
= 0.
Thus,
−Γ sljΓ iks +
∂Γ ikj
∂xl
+ Γ skjΓ ils −
∂Γ il j
∂xk
= 0, (7)
or,
Rilkj = 0,
which means that Γ is ﬂat.
(b) ⇒ (a) If Γ = (Γ ikj) is ﬂat connection, it satisﬁes the system of Eqs. (7). This system represents the integrability
conditions for the system (6), ensures us local existence of the corresponding frame ﬁeld γ : (xi) → (xi, xij) for Γ , and then
Γ is locally generated by the frame ﬁelds (see [6]). 
Note that the conditions of zero curvature (7) for a connection Γ , to be locally generated by frame ﬁelds, are equivalent
with the compatibility conditions (3) (symmetry of Γ iklj in the indices k, l) for the associated section γ .
Let λ be an invariant Lagrangian on J1FX. By Corollary 1, the coordinate expression of λ in the coordinates (xi, xij,Γ
i
jk),
adapted to the action of Gln(R) on FX, is given by λ = Lω0, where L = L(xi,Γ ijk), and the Euler–Lagrange form Eλ of λ is
given by
Eλ = F l(L)y j dxi ∧ ω0,i l j
S38 J. Brajercˇík / Differential Geometry and its Applications 29 (2011) S33–S40where
F li(L) = −Γ pqi
∂L
∂Γ
p
ql
+ Γ lpq
∂L
∂Γ ipq
+ ∂
2L
∂xp∂Γ ipl
+ (Γ kmpq + Γ kmsΓ spq) ∂
2L
∂Γ kmq∂Γ
i
pl
(8)
are Gln(R)-invariant functions, i.e., can be considered as the functions on C2X .
Due to the correspondence discussed in Lemma 4, the problem of ﬁnding an extremal γ : X → FX of a given ﬁrst order
invariant variational problem can be also represented as to ﬁnd the corresponding section Γ : X → C1X of the bundle C1X
of linear connections of FX, with additional condition of zero curvature for connection Γ (see Lemma 5), which can be
considered as a constraint for Γ .
For the geometrical setting, let us consider the commutative diagram
J1 J1FX
J1μ(1)
J1C1X
J1FX
μ(1)
C1X
where J1μ(1) denotes the 1-jet prolongation of the quotient projection μ(1) (over X ), and canonical inclusions C2X ↪→ J2FX,
and J2FX ↪→ J1 J1FX. The composed mapping ν : C2X → J1C1X has the expression
xi ◦ ν = xi, Γ ikj ◦ ν = Γ ikj, Γ ikj,l ◦ ν = Γ iksΓ slj + Γ iklj = dlΓ ikj. (9)
To describe the image of ν in J1C1X , we denote by τ 13 X the bundle of tensors of type (1,3) over X , with induced coordi-
nates Silkj . We introduce the formal curvature tensor on J
1C1X as a morphism ρ : J1C1X → τ 13 X , expressed by
Silkj ◦ ρ = Rilkj = Γ ikj,l − Γ il j,k + Γ ilsΓ skj − Γ iksΓ slj
(compare with (5)).
Consider the sequence
0 −→ C2X ν−→ J1C1X ρ−→ τ 13 X −→ 0
of bundles over X . We have the following result.
Lemma 6. Let J1xΓ ∈ J1C1X. Then ρ( J1xΓ ) = 0 if and only if there exists an element  ∈ C2X such that ν() = J1xΓ .
Proof. ⇒ Let J1xΓ = (xi,Γ ikj,Γ ikj,l) be the coordinates of J1xΓ ∈ J1C1X with respect to coordinate system (W ,χ), χ =
(xi,Γ ikj) on C
1X , where Γ is a section of C1X deﬁned in the neighborhood of x ∈ X . Let ρ( J1xΓ ) = 0, i.e., coordinates
of J1xΓ satisfy Γ
i
kj,l − Γ il j,k + Γ ilsΓ skj − Γ iksΓ slj = 0. For the associated element on C2X we have Γ iklj = (Γ ikj,l − Γ iksΓ slj ) ◦ ν =
(Γ il j,k − Γ ilsΓ skj) ◦ ν = Γ ilkj , which means that there is the element  = J2xγ ∈ C2X with coordinates J2xγ = (xi,Γ ikj,Γ iklj) such
that ν( J2xγ ) = J1xΓ .⇐ Let exist  = J2xγ ∈ C2X such that ν( J2xγ ) = J1xΓ . Then for coordinates (xi,Γ ikj,Γ iklj) of J2xγ , Γ iklj = Γ ilkj holds, which
is equivalent with the relation Γ ikj,l − Γ il j,k + Γ ilsΓ skj − Γ iksΓ slj = 0 for coordinates of J1xΓ and ρ( J1xΓ ) = 0. 
Let us denote by S the submanifold of J1C1X determined by S = {Λ ∈ J1C1X | ρ(Λ) = 0}. Lemma 6 shows that for
Λ ∈ S the inverse σ : S → C2X of ν (9) is deﬁned. In corresponding coordinates,
xi ◦ σ = xi, Γ ikj ◦ σ = Γ ikj, Γ iklj ◦ σ = Γ ikj,l − Γ iksΓ slj . (10)
This identiﬁcation allows us to consider the Euler–Lagrange equations of the ﬁrst order variational problem, deﬁned on
C2X , as associated variational problem on J1C1X for connections. More precisely,
Theorem 1. The system of equations
F li(L) ◦ J2γ = 0, (11)
for extremals γ : X → FX of invariant variational problem given by Lagrangian λ = Lω0 on J1FX, deﬁned by (8), is equivalent with
the system
Gl (L) ◦ J1Γ = 0, (12)i
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(
Γ ikj,l − Γ il j,k + Γ ilsΓ skj − Γ iksΓ slj
) ◦ J1Γ = 0. (13)
It means that the system of n2 second order partial differential equations (11) can be replaced with the system of n2
ﬁrst order partial differential equations (12), where
Gli(L) = −Γ pqi
∂L
∂Γ
p
ql
+ Γ lpq
∂L
∂Γ ipq
+ ∂
2L
∂xp∂Γ ipl
+ Γ kmq,p
∂2L
∂Γ kmq∂Γ
i
pl
,
together with the
(n
2
) · n2 ﬁrst order partial differential equations (13) for a connection Γ . Finding a solution Γ : X → C1X
of (12), satisfying (13), the corresponding solution γ : X → FX of (11) is then obtained by solving the system of n2 ﬁrst
order partial differential equations (6).
These procedure can be analogously applied to the variational problems on frame bundles deﬁned by higher order
invariant Lagrangians. For this purpose, we will consider the scheme
Cr+1X ↪→ J r+1FX ↪→ J r J1FX → J rC1X .
Finding the inverse σ of the composed mapping ν : Cr+1X → S , deﬁned on constrained submanifold S ⊂ J rC1X , where
S is again determined by the condition of zero curvature of a connection, we have the analogous assertion to Theorem 1
for higher order invariant variational problems on frame bundles. This gives us the order reduction of the corresponding
Euler–Lagrange equations.
4. Example
Let X =R3 and consider Gln(R)-invariant Lagrangian λ = Lω0, deﬁned on J1FX with the Lagrange function L, in adapted
coordinates given by
L =  i jkΓ piqΓ qjsΓ skp,
where  i jk is the Levi-Civita symbol. The associated Euler–Lagrange form is Eλ = F lm(L)y jl dxmj ∧ ω0, in which
F lm(L) = 3 i jk
((
Γ si jm + Γ sitΓ tjm
)
Γ lks + Γ skm
(
Γ li js + Γ litΓ tjs
))
.
According to Theorem 1, the system of second order equations F lm(L) ◦ J2γ = 0 for a section γ : X → FX can be replaced
by the system of ﬁrst order equations Glm(L) ◦ J1Γ = 0 for a section Γ : X → S , where
Glm(L) = 3 i jk
(
Γ ljs,iΓ
s
km + Γ ljsΓ skm,i
)= 3 i jkd˜i(Γ ljsΓ skm),
and d˜i denotes the operator of formal derivative on C1X .
Remark 2. The Lagrangians of the similar type also occur in the Chern–Simons theory, which can be formulated as a
variational problem deﬁned by local data on the bundle of connections C(P ) → X of the principal bundle P → X [13]. In
the case P = FX, the local expression of the Lagrangian λ˜, in the coordinates (xi,Γ ikj,Γ ikj,l) on J1C1X , is λ˜ = L˜dx1∧dx2∧dx3,
where
L˜ =  i jk(Γ piqΓ qkp, j + 2/3Γ piqΓ qjsΓ skp).
Arising Euler–Lagrange equations, coming from globally deﬁned Euler–Lagrange form,
 i jk
(
Γ
q
jp,k − Γ qjsΓ skp
) ◦ J1Γ = 0,
are then equivalent with the compatibility conditions (13). This is the typical feature of the Chern–Simons theory that
extremals of the corresponding variational function are ﬂat connections, and vice versa.
Acknowledgements
The author is grateful to the Ministry of Education of the Slovak Republic (Grant VEGA 1/0577/10), to the Slovak Research
and Development Agency (Grant MVTS SK-CZ-0006-09), and to the Czech Grant Agency (Grant 201/09/0981).
S40 J. Brajercˇík / Differential Geometry and its Applications 29 (2011) S33–S40References
[1] J. Brajercˇík, Gln(R)-invariant variational principles on frame bundles, Balkan J. Geom. Appl. 13 (1) (2008) 11–19.
[2] J. Brajercˇík, D. Krupka, Variational principles for locally variational forms, J. Math. Phys. 46 (052903) (2005) 1–15.
[3] M. Castrillón López, P.L. García, T.S. Ratiu, Euler–Poincaré reduction on principal bundles, Lett. Math. Phys. 58 (2001) 167–180.
[4] M. Castrillón López, P.L. García, C. Rodrigo, Euler–Poincaré reduction in principal ﬁbre bundles and the problem of Lagrange, Diff. Geom. Appl. 25 (6)
(2007) 585–593.
[5] M. Castrillón López, T.S. Ratiu, S. Shkoller, Reduction in principal ﬁber bundles: Covariant Euler–Poincaré equations, Proc. Amer. Math. Soc. 128 (7)
(2000) 2155–2164.
[6] J. Dieudonné, Treatise on Analysis, vol. III, Academic Press, New York–London, 1972.
[7] P.L. García, Connections and 1-jet ﬁber bundles, Rend. Sem. Mat. Univ. Padova 47 (1972) 227–242.
[8] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, vol. 1, Interscience Publishers, Wiley, New York, 1963.
[9] I. Kolárˇ, On the torsion of spaces with connection, Czech. Math. J. 21 (1971) 124–136.
[10] D. Krupka, A geometric theory of ordinary ﬁrst order variational problems in ﬁbered manifolds, II. Invariance, J. Math. Anal. Appl. 49 (1975) 469–476.
[11] D. Krupka, Local invariants of a linear connection, in: Differential Geometry, Budapest, 1979, in: Colloq. Math. Soc. János Bolyai, vol. 31, North Holland,
Amsterdam, 1982, pp. 349–369.
[12] D. Krupka, J. Janyška, Lectures on Differential Invariants, Mathematica, vol. 1, Folia Fac. Sci. Nat. Univ. Purk. Brunensis, Brno, 1990.
[13] C.T. Prieto, Variational formulation of Chern–Simons theory for arbitrary Lie groups, J. Geom. Phys. 50 (2004) 138–161.
[14] D.J. Saunders, The Geometry of Jet Bundles, London Mathematical Society Lecture Note Series, vol. 142, Cambridge University Press, New York, 1989.
